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Abstract
In this paper, we aim to introduce and study (κ, µ)-contact pseudo-metric manifold
and prove that if the ϕ-sectional curvature of any point of M is independent of the
choice of ϕ-section at the point, then it is constant on M and accordingly the cur-
vature tensor. Also, we introduce generalized (κ, µ)-contact pseudo-metric manifold
and prove for n > 1, that a non-Sasakian generalized (κ, µ)-contact pseudo-metric
manifold is a (κ, µ)-contact pseudo-metric manifold.
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1. Introduction
Contact pseudo-metric structures were first introduced by Takahashi [1]. He de-
fined Sasakian manifold with pseudo-metric and the classification of Sasakian mani-
folds of constant φ-sectional curvatures. Next, K. L. Duggal [2] and A. Bejancu [3]
studied contact pseudo-metric structures as a generalization of contact Lorentzian5
structures and contact Riemannian structures. Recently, contact pseudo-metric man-
ifolds and curvature of K-contact pseudo-Riemannian manifolds have been studied
by Calvaruso and Perrone [4] and Perrone [5], respectively. Also Perrone [6], Perrone
investigated contact pseudo-metric manifolds of constant curvature and CR manifolds.
In [7], D. E. Blair et al. introduced (κ, µ)-contact Riemannian manifold. Since10
then, many researchers have studied the structure [8, 9, 10, 11, 12, 13].
In this paper, we introduce and study (κ, µ)-contact pseudo-metric manifold. The
paper is organized as follows. Section 2 contains some necessary background on con-
tact pseudo-metric manifolds. After introducing (κ, µ)-contact pseudo-metric mani-
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fold in section 3, we prove some relationships. In this section, we also prove if the15
ϕ-sectional curvature of any point of M is independent of the choice of ϕ-section at
the point, then it is constant onM and we find the curvature tensor. In fact, our main
purpose in this paper is to find the curvature tensor of (κ, µ)-contact pseudo-metric
manifolds. In addition, we show that M has constant ϕ-sectional curvature if and
only if µ = εκ+ 1 when κ 6= ε. In section 4, we introduce generalized (κ, µ)-contact20
pseudo-metric manifold. In this section, we also prove for n > 1, that a non-Sasakian
generalized (κ, µ)-contact pseudo-metric manifold is a (κ, µ)-contact pseudo-metric
manifold.
2. Preliminaries
A (2n + 1)-dimensional differentiable manifold M is called an almost contact
pseudo-metric manifold if there is an almost contact pseudo-metric structure (ϕ, ξ, η, g)
consisting of a (1, 1) tensor field ϕ, a vector field ξ, a 1-form η and a compatible
pseudo-Riemannian metric g satisfying
η(ξ) = 1, ϕ2(X) = −X + η(X)ξ, (1)
g(ϕX,ϕY ) = g(X,Y )− εη(X)η(Y ), (2)
where ε = ±1 and X,Y ∈ Γ(TM). Remark that, by (1) and (2), we have
ϕξ = 0, η ◦ ϕ = 0, (3)
η(X) = εg(ξ,X), (4)
g(ϕX, Y ) = −g(X,ϕY ), (5)
and ϕ has rank 2n. In particular, g(ξ, ξ) = ε and so, the characteristic vector field25
ξ is either space-like or time-like, but cannot be light-like and the signature of an
associated metric is either (2p+ 1, 2n− 2p) or (2p, 2n− 2p− 1). An almost contact
pseudo-metric structure becomes a contact pseudo-metric structure if dη = Φ, where
Φ(X,Y ) = g(X,ϕY ) is the fundamental 2-form of M .
An almost contact pseudo-metric structure of M is called a normal structure if
[ϕ, ϕ] + 2dη ⊗ ξ = 0. A normal contact pseudo-metric structure is called a Sasakian
structure. It can be proved that an almost contact pseudo-metric manifold is Sasakian
iff
(∇Xϕ)Y = g(X,Y )ξ − εη(Y )X, (6)
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for anyX,Y ∈ Γ(TM) or equivalently, a contact pseudo-metric structure is a Sasakian
structure iff R satisfies
R(X,Y )ξ = η(Y )X − η(X)Y, (7)
for X,Y ∈ Γ(TM), where R(X,Y ) = [∇X ,∇Y ] − ∇[X,Y ] is the curvature tensor
and ∇ is the Levi-Civita connection[14, 4]. In a contact pseudo-metric manifold
M2n+1(ϕ, ξ, η, g), we define the (1, 1)-tensor fields ℓ and h by
ℓX = R(X, ξ)ξ, hX =
1
2
(Lξϕ)(X), (8)
where L denotes the Lie derivative. The tensors h and ℓ are self-adjoint operators
satisfying([4, 5])
trace(h) = trace(hϕ) = 0, (9)
η ◦ h = 0, ℓξ = 0, (10)
hϕ = −ϕh, (11)
hξ = 0, (12)
∇Xξ = −εϕX − ϕhX, (13)
(∇Xϕ)Y = εg(εX + hX, Y )ξ − η(Y )(εX + hX), (14)
∇ξϕ = 0. (15)
Due to the relation of (11), if X is an eigenvector of h corresponding to the eigenvalue30
λ, then ϕX is also an eigenvector of h corresponding to the eigenvalue −λ.
Let M2n+1(ϕ, ξ, η, g) be a contact pseudo-metric manifold and X ∈ ker η, either
space-like or time-like. We put
K(X, ξ) =
R(X, ξ,X, ξ)
εg(X,X)
=
g(ℓX,X)
εg(X,X)
, (16)
K(X,ϕX) =
R(X,ϕX,X, ϕX)
g(X,X)2
. (17)
We call K(X, ξ) the ξ-sectional curvature determined by X , and K(X,ϕX) the ϕ-
sectional curvature determined by X , where R(X,Y, Z,W ) = g(R(Z,W )Y,X). A
Sasakian manifold with constant ϕ-sectional curvature c is called a Sasakian space
form and is denoted by M(c).35
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Lemma 2.1 ([4]). Let M2n+1(ϕ, ξ, η, g) be a contact pseudo-metric manifold. Then:
∇ξh = ϕ− ϕℓ− ϕh2, (18)
ϕℓϕ− ℓ = 2(ϕ2 + h2), (19)
Ric(ξ, ξ) = 2n− trace(h2), (20)
R(ξ,X, Y, Z) = ε(∇XΦ)(Y, Z) + g((∇Y ϕh)Z,X)− g((∇Zϕh)Y,X). (21)
3. (κ, µ)-contact pseudo-metric manifold
A (κ, µ)-nullity distribution of a contact pseudo-metric manifold M2n+1(ϕ, ξ, η, g)
is a distribution
Np(κ, µ) = {Z ∈ TpM : R(X,Y )Z =κ(g(Y, Z)X − g(X,Z)Y )
+ µ(g(Y, Z)hX − g(X,Z)hY )},
(22)
where (κ, µ) ∈ R2. Thus, the characteristic vector field ξ belongs to the (κ, µ)-
distribution iff
R(X,Y )ξ = εκ(η(Y )X − η(X)Y ) + εµ(η(Y )hX − η(X)hY ). (23)
If a contact pseudo-metric manifold satisfying (23), we call (κ, µ)-contact pseudo-
metric manifold. The class of (κ, µ)-contact pseudo-metric manifold contains the
class of Sasakian manifolds, which we get for κ = ε (and hence h = 0, by (7)).
Lemma 3.1. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold. Then,
we have
ℓϕ− ϕℓ = 2εµhϕ, (24)
h2 = (εκ− 1)ϕ2, εκ ≤ 1, and κ = ε iff M2n+1 is Sasakian , (25)
R(ξ,X)Y = κ(g(X,Y )ξ − εη(Y )X) + µ(g(hX, Y )ξ − εη(Y )hX), (26)
Qξ = 2nκξ, Q is the Ricci operator, (27)
(∇Xh)Y − (∇Y h)X = (1− εκ){2εg(X,ϕY )ξ + η(X)ϕY − η(Y )ϕX}
+ε(1− µ){η(X)ϕhY − η(Y )ϕhX}, (28)
ξκ = 0, (29)
where X,Y ∈ Γ(TM).40
Proof. Using (12), we obtain
ℓX = εκ(X − η(X)ξ) + εµhX,
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for X ∈ Γ(TM). Replacing X by ϕX and at the same time applying ϕ, we obtain
ℓϕ = ε{κϕ+ µhϕ} and ϕℓ = ε{κϕ+ µϕh}. (30)
Subtracting (30) and using (11), we get (24).
By using the relations (19), (11), (30), (12) and (1), we deduce the first part of (25).
Now since h is symmetric, from the second part of (1), we have εκ ≤ 1. Moreover,
κ = ε iff h = 0. Using (23) and (7), the proof of (25) is completed.
Using (23), we get (26) and g(R(ξ,X)Y, Z) = g(R(Y, Z)ξ,X).
For the relation of (27), let {E1, . . . , En, En+1 = ϕE1, . . . , E2n = ϕEn, E2n+1 = ξ} be
a (local)ϕ-basis of M . For any index i = 1, . . . , 2n, {ξ, Ei} spans a non-degenerate
plane on the tangent space at each point where the basis is defined. Then the definition
of the Ricci operator Q, (26), (9) and (12) give
Ric(ξ,X) =
2n+1∑
i=1
εig(R(Ei, ξ)X,Ei)
=
2n+1∑
i=1
εi{κ[εη(X)g(Ei, Ei)− εg(Ei, X)η(Ei)]
+ µ[εη(X)g(hEi, Ei)− εg(hEi, X)η(Ei)]}
=εκη(X)
2n+1∑
i=1
ε2i − εκη(X) + µεη(X) trace(h)
=εκη(X)(2n+ 1)− εκη(X) = (2n+ 1− 1)εκη(X) = 2nεκη(X),
so, we have (27). Now with using (14) and the symmetry of h, we get
(∇Xϕh)Y − (∇Y ϕh)X = ϕ((∇Xh)Y − (∇Y h)X),
for any vector fields X,Y on M and hence (21) is reduced to
R(Y,X)ξ = η(X)(Y + εhY )− η(Y )(X + εhX) + ϕ((∇Xh)Y − (∇Y h)X).
Comparing this equation with (23), we have
ϕ((∇Xh)Y − (∇Y h)X) =(εκ− 1)(η(X)Y − η(Y )X)
+ ε(µ− 1)(η(X)hY − η(Y )hX).
(31)
Using (13), the symmetry of h and ∇Xh, we obtain
g((∇Xh)Y − (∇Y h)X, ξ) = 2(εκ− 1)g(Y, ϕX). (32)
Acting now by ϕ on (31) and using (32), we get (28).45
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Lemma 3.2. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold. Then
for all X,Y, Z ∈ Γ(TM), we have
R(X,Y )ϕZ =ϕR(X,Y )Z + {(1− εκ)[η(X)g(ϕY,Z)− η(Y )g(ϕX,Z)]
+ ε(1− µ)[η(X)g(ϕhY, Z)− η(Y )g(ϕhX,Z)]}ξ
− g(Y + εhY, Z)(εϕX + ϕhX) + g(X + εhX,Z)(εϕY + ϕhY )
− g(εϕY + ϕhY, Z)(X + εhX) + g(εϕX + ϕhX,Z)(Y + εhY )
− η(Z){(1− εκ)[η(X)ϕY − η(Y )ϕX ] + ε(1− µ)[η(X)ϕhY − η(Y )ϕhX ]}.
(33)
Proof. Assume that p ∈ M and X,Y, Z local vector fields on a neighborhood of p,
such that
(∇X)p = (∇Y )p = (∇Z)p = 0.
The Ricci identity for ϕ:
R(X,Y )ϕZ − ϕR(X,Y )Z = (∇X∇Y ϕ)Z −∇Y (∇Xϕ)Z − (∇[X,Y ]ϕ)Z, (34)
at the point p, takes the form
R(X,Y )ϕZ − ϕR(X,Y )Z = ∇X(∇Y ϕ)Z −∇Y (∇Xϕ)Z. (35)
On the other hand, combining (13) and (14), we have at p
∇X(∇Y ϕ)Z −∇Y (∇Xϕ)Z =εg((∇Xh)Y − (∇Y h)X,Z)ξ − g(Y + εhY, Z)(εϕX + ϕhX)
+ εg(εϕX + ϕhX,Z)(εY + hY ) + g(X + εhX,Z)(εϕY + ϕhY )
− εg(Z, εϕY + ϕhY )(εX + hX)− η(Z)((∇Xh)Y − (∇Y h)X)
(36)
Now equation (33) is a straightforward combination of the (36), (35) and (28).
Theorem 3.1. LetM2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold. Then
εκ ≤ 1. If κ = ε, then h = 0 and M2n+1 is a Sasakian-space-form and if εκ < 1,
then M2n+1 admits three mutually orthogonal and integrable distributions D(0) =
Span{ξ},D(λ) and D(−λ), defined by the eigenspaces of h, where λ = √1− εκ.50
Proof. By ξ ∈ N(κ, µ), we can verify Ric(ξ, ξ) = 2nεκ. Then, (20) implies εκ ≤ 1.
Now, we suppose εκ < 1. Then since h is symmetric, the relations (12) and (14)
imply that the restriction h|D of h to the contact distribution D has eigenvalues
λ =
√
1− εκ and −λ. By D(λ) and D(−λ), we denote the distributions defined by
6
the eigenspaces of h corresponding to λ and −λ, respectively. By D(0), we denote
the distribution defined by ξ. Then these three distributions are mutually orthogonal.
Let X ∈ D(λ), Then hX = λX and the relation of (11) imply h(ϕX) = −λ(ϕX).
Hence, we have ϕX ∈ D(−λ). This means that the dimension of D(λ) and D(−λ)
are equal to n. We prove that D(λ) ( D(−λ), resp.) is integrable. Let X,Y ∈ D(λ)
(D(−λ), resp.). Then
∇Xξ = −εϕX − ϕhX = −(ε± λ)ϕX,
and ∇Y ξ = −(ε ± λ)ϕY . So, g(∇Xξ, Y ) = g(∇Y ξ,X) holds. Thus, dη(X,Y ) = 0
and η([X,Y ]) = 0 follow. X,Y ∈ D(λ) and ξ ∈ N(κ, µ) imply R(X,Y )ξ = 0. On the
other hand,
0 = ∇X∇Y ξ −∇Y∇Xξ −∇[X,Y ]ξ
= −(ε± λ)∇X(ϕY ) + (ε± λ)∇Y (ϕX) + εϕ([X,Y ]) + ϕh([X,Y ])
= −(ε± λ){(∇Xϕ)Y − (∇Y ϕ)X} ∓ λϕ([X,Y ]) + ϕh([X,Y ]).
(37)
By (14), the first term of the last line (37) vanishes. And so, we obtain
ϕh([X,Y ]) = ∓λϕ([X,Y ]),
which together with η([X,Y ]) = 0 implies [X,Y ] ∈ D(λ) (D(−λ), resp.).
Proposition 3.1. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold
with εκ < 1, then
• If X,Y ∈ D(λ) (resp. D(−λ)), then ∇XY ∈ D(λ) (resp. D(−λ)).
• If X ∈ D(λ), Y ∈ D(−λ), then ∇XY (resp.∇YX) has no component in D(λ)55
(resp. D(−λ)).
Lemma 3.3. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold. Then
for any vector fields X,Y on M , we have
(∇Xh)Y ={(ε− κ)g(X,ϕY ) + g(X,hϕY )}ξ
+ η(Y )[h(εϕX + ϕhX)]− εµη(X)ϕhY.
(38)
Proof. Let εκ < 1 and X,Y ∈ D(λ)(resp., D(−λ)). Then from Proposition 3.1, we
have ∇XY ∈ D(λ) (resp., D(−λ)). Then one easily proves that
(∇Xh)Y = 0. (39)
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Suppose now that X ∈ D(λ), Y ∈ D(−λ) and {Ei, ϕEi, ξ} be a (local) ϕ-basis of
vector fields onM with Ei ∈ D(λ) and so ϕEi ∈ D(−λ). For any index i = 1, · · · , 2n,
{ξ, Ei} spans a non-degenerate plane on the tangent space at each point where the
basis is defined. Then using Proposition 3.1 and the relations (12), (1) and (13), we
calculate
h∇XY = h{
n∑
i=1
εig(∇XY, ϕEi)ϕEi + εg(∇XY, ξ)ξ}
=
n∑
i=1
εig(∇XY, ϕEi)hϕEi
= λϕ
n∑
i=1
εig(ϕ∇XY,Ei)Ei
= λϕ2(∇XY )
= λ(−∇XY + εg(∇XY, ξ)ξ)
= λ(−∇XY − εg(Y,∇Xξ)ξ)
= λ(−∇XY − εg(Y,−εϕX − ϕhX)ξ)
= λ(−∇XY + g(Y, ϕX + εϕhX)ξ)
= λ(−∇XY − g(ϕY,X + εhX)ξ)
= ∇XhY − λ(1 + ελ)g(X,ϕY )ξ,
and so
(∇Xh)Y = λ(1 + ελ)g(X,ϕY )ξ, (40)
Similarly, we obtain
(∇Y h)X = λ(ελ− 1)g(Y, ϕX)ξ, (41)
Suppose now that X,Y are arbitrary vector fields on M and write
X = Xλ +X−λ + η(X)ξ,
and
Y = Yλ + Y−λ + η(Y )ξ,
where Xλ (resp., X−λ) is the component of X in D(λ) (resp., D(−λ)). Then us-
ing (39), (40), (41) and ∇ξh = εµhϕ, which follows from (28), we get by a direct
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computation
(∇Xh)Y =ελ2{g(Xλ, ϕY−λ) + g(X−λ, ϕYλ)}ξ
+ λ{g(Xλ, ϕY−λ)− g(X−λ, ϕYλ)}ξ
+ η(Y )h(εϕX + ϕhX)− εµη(X)ϕhY.
(42)
On the other hand, we easily find that
g(hX,ϕY ) = λ{g(Xλ, ϕY−λ)− g(X−λ, ϕYλ)}, (43)
g(hX, hϕY ) = λ2{g(X
−λ, ϕYλ) + g(Xλ, ϕY−λ)}. (44)
The relations (43) and (44) with (42), give the required equation (38). Note that for
κ = ε (and so h = 0), (38) is valid identically and the proof is completed.
Lemma 3.4. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold. Then
for any vector fields X,Y, Z on M . We have
R(X,Y )hZ − hR(X,Y )Z ={κ[η(X)g(hY, Z)− η(Y )g(hX,Z)]
+ µ(εκ− 1)[η(Y )g(X,Z)− η(X)g(Y, Z)]}ξ
+ κ{g(Y, ϕZ)ϕhX − g(X,ϕZ)ϕhY + g(Z,ϕhY )ϕX
− g(Z,ϕhX)ϕY + εη(Z)[η(X)hY − η(Y )hX ]}
− µ{η(Y )[(ε− κ)η(Z)X + µη(X)hZ]
− η(X)[(ε− κ)η(Z)Y + µη(Y )hZ] + 2εg(X,ϕY )ϕhZ}.
(45)
Proof. The Ricci identity for h is
R(X,Y )hZ − hR(X,Y )Z = (∇X∇Y h)Z − (∇Y∇Xh)Z − (∇[X,Y ]h)Z. (46)
Using Lemma 3.3, the relations (25), (11) and the fact that ∇Xϕ is antisymmetric,
we obtain
(∇X∇Y h)Z ={(ε− κ)[g(∇XY, ϕZ)− g((∇Xϕ)Y, Z)]
+ g(∇XY, hϕZ) + g(∇X(hϕ)Y, Z)}ξ
+ {(ε− κ)g(Y, ϕZ) + g(Y, hϕZ)}∇Xξ
+ εg(Z,∇Xξ)[εhϕY + (εκ− 1)ϕY ]
+ η(Z){ε[(∇Xhϕ)Y + hϕ(∇XY )] + (εκ− 1)[(∇Xϕ)Y + ϕ(∇XY )]}
− εµ{η(∇XY )ϕhZ + εg(Y,∇Xξ)ϕhZ + η(Y )(∇Xϕh)Z}.
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So, using also (38), (13), (14) and Lemma 3.3, equation (46) yields
R(X,Y )hZ − hR(X,Y )Z
={(κ− ε)g((∇Xϕ)Y − (∇Y ϕ)X,Z) + g((∇Xhϕ)Y − (∇Y hϕ)X,Z)}ξ
+ {(ε− κ)g(Y, ϕZ) + g(Y, hϕZ)}∇Xξ
− {(ε− κ)g(X,ϕZ) + g(X,hϕZ)}∇Y ξ
+ g(Z,∇Xξ)[hϕY + (κ− ε)ϕY ]
− g(Z,∇Y ξ)[hϕX + (κ− ε)ϕX ]
+ η(Z){ε[(∇Xhϕ)Y − (∇Y hϕ)X ] + (εκ− 1)[(∇Xϕ)Y − (∇Y ϕ)X ]}
− εµ{η(Y )(∇Xϕh)Z − η(X)(∇Y ϕh)Z + 2g(X,ϕY )ϕhZ}.
(47)
Using now (14), (12) and Lemma 3.3, we have
(∇Xϕh)Y ={g(X,hY ) + (κ− ε)g(X,−Y + η(Y )ξ)}ξ
+ η(Y )[εhX + (εκ− 1)(−X + η(X)ξ)] + εµη(X)hY.
Therefore, equation (47), by using (14) again, is reduced to (45) and the proof is
completed.60
Theorem 3.2. Let M2n+1(ϕ, ξ, η, g)be a (κ, µ)-contact pseudo-metric manifold. If
εκ < 1, then for all Xλ, Zλ, Yλ ∈ D(λ) and X−λ, Z−λ, Y−λ ∈ D(−λ), we have
R(Xλ, Yλ)Z−λ = (κ− εµ)[g(ϕYλ, Z−λ)ϕXλ − g(ϕXλ, Z−λ)ϕYλ], (48)
R(X
−λ, Y−λ)Zλ = (κ− εµ)[g(ϕY−λ, Zλ)ϕX−λ − g(ϕX−λ, Zλ)ϕY−λ], (49)
R(X
−λ, Yλ)Z−λ = −κg(ϕYλ, Z−λ)ϕX−λ − εµg(ϕYλ, X−λ)ϕZ−λ, (50)
R(X
−λ, Yλ)Zλ = κg(ϕX−λ, Zλ)ϕYλ + εµg(ϕX−λ, Yλ)ϕZλ, (51)
R(Xλ, Yλ)Zλ = [2(ε+ λ)− εµ][g(Yλ, Zλ)Xλ − g(Xλ, Zλ)Yλ], (52)
R(X
−λ, Y−λ)Z−λ = [2(ε− λ)− εµ][g(Y−λ, Z−λ)X−λ − g(X−λ, Z−λ)Y−λ], (53)
Proof. The first part of the Theorem follows from (25) and Lemma 3.1.
Let {E1, · · · , En, En+1 = ϕE1, · · · , E2n = ϕEn, E2n+1 = ξ} be a (local) ϕ-basis
of vector fields on M with Ei ∈ D(λ) and so ϕEi ∈ D(−λ). For any index i =
1, · · · , 2n,{ξ, Ei} spans a non-degenerate plane on the tangent space at each point,
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where the basis is defined. Then, we have
R(Xλ, Yλ)Z−λ =
n∑
i=1
εi{g(R(Xλ, Yλ)Z−λ, Ei)Ei + g(R(Xλ, Yλ)Z−λ, ϕEi)ϕEi}
+ εg(R(Xλ, Yλ)Z−λ, ξ)ξ.
(54)
But since ξ belonging to the (κ, µ)-nullity distribution, using (23), we easily have
g(R(Xλ, Yλ)Z−λ, ξ) = −g(R(Xλ, Yλ)ξ, Z−λ) = 0.
By Proposition 3.1, we get
g(R(Xλ, Yλ)Z−λ, Ei) = −g(R(Xλ, Yλ)Ei, Z−λ) = 0.
On the other hand, if X ∈ D(λ) and Y, Z ∈ D(−λ), then applying (45), we get
hR(X,Y )Z + λR(X,Y )Z = −2λ{κg(X,ϕZ)ϕY + εµg(X,ϕY )ϕZ},
and taking the inner product with W ∈ D(λ), we obtain
g(R(X,Y )Z,W ) = −κg(X,ϕZ)g(ϕY,W )− εµg(X,ϕY )g(ϕZ,W ), (55)
for any X,W ∈ D(λ) and Y, Z ∈ D(−λ). Using (55) and the first Bianchi identity,
we calculate
n∑
i=1
εig(R(Xλ, Yλ)Z−λ, ϕEi)ϕEi
=−
n∑
i=1
εig(R(Yλ, Z−λ)Xλ, ϕEi)ϕEi −
n∑
i=1
εig(R(Z−λ, Xλ)Yλ, ϕEi)ϕEi
=
n∑
i=1
εig(R(Yλ, Z−λ)ϕEi, Xλ)ϕEi −
n∑
i=1
εig(R(Xλ, Z−λ)ϕEi, Yλ)ϕEi
=
n∑
i=1
εi{−κg(Yλ, ϕ2Ei)g(ϕZ−λ, Xλ)ϕEi − εµg(Yλ, ϕZ−λ)g(ϕ2Ei, Xλ)ϕEi}
−
n∑
i=1
εi{−κg(Xλ, ϕ2Ei)g(ϕZ−λ, Yλ)ϕEi − εµg(Xλ, ϕZ−λ)g(ϕ2Ei, Yλ)ϕEi}
=κg(ϕZ
−λ, Xλ)ϕ
n∑
i=1
εig(Yλ, Ei)Ei + εµg(Yλ, ϕZ−λ)ϕ
n∑
i=1
εig(Ei, Xλ)Ei
+ κg(Z
−λ, ϕYλ)ϕ
n∑
i=1
εig(Xλ, Ei)Ei + εµg(ϕXλ, Z−λ)ϕ
n∑
i=1
εig(Ei, Yλ)Ei
=κ{g(Z
−λ, ϕYλ)ϕXλ − g(Z−λ, ϕXλ)ϕYλ}
+ εµ{g(ϕXλ, Z−λ)ϕYλ − g(ϕYλ, Z−λ)ϕXλ}
=(κ− εµ){g(Z
−λ, ϕYλ)ϕXλ − g(Z−λ, ϕXλ)ϕYλ}.
11
Therefore, (54) gives
R(Xλ, Yλ)Z−λ = (κ− εµ){g(Z−λ, ϕYλ)ϕXλ − g(Z−λ, ϕXλ)ϕYλ}.
The proof of the remaining cases are similar and will be omitted.
Then they showed the following.
Theorem 3.3. Let M2n+1(ϕ, ξ, η, g)be a (κ, µ)-contact pseudo-metric manifold. If
εκ < 1, then for any X orthogonal to ξ
(i) the ξ-sectional curvature K(X, ξ) is given by
K(X, ξ) = κ+ µ
g(hX,X)
g(X,X)
=


κ+ λµ, if X ∈ D(λ),
κ− λµ, if X ∈ D(−λ),
(ii) the sectional curvature of a plane section (X,Y ) normal to ξ is given by
K(X,Y ) =


2(ε+ λ)− εµ, for any X,Y ∈ D(λ), n > 1,
−(κ+ εµ) g(X,ϕY )
2
g(X,X)g(Y, Y )
, for any unit vectors X ∈ D(λ), Y ∈ D(−λ),
2(ε− λ)− εµ, for any X,Y ∈ D(−λ), n > 1,
(56)
(iii) The Ricci operator is given by
QX =ε[2(n− 1)− nµ]X + (2(n− 1) + µ)hX + [2(1− n)ε+ 2nκ+ nεµ]η(X)ξ.
(57)
Proof. (i) From (16), if we set Y = ξ in the relation of (23), for X orthogonal to ξ
from which, taking the inner product with X , we get
K(X, ξ) =
ε{κg(X,X) + µg(hX,X)}
εg(X,X)
.
So, we have
K(X, ξ) = κ+ µ
g(hX,X)
g(X,X)
= κ+ µ
λg(hXλ, Xλ)− λg(hX−λ, X−λ)
g(Xλ, Xλ) + g(X−λ, X−λ)
,
which is the required result.
(ii) This follows immediately from Theorem 3.2.
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(iii) The first consider a ϕ-basis {E1, . . . , En, En+1 = ϕE1, . . . , E2n = ϕEn, E2n+1 =65
ξ} of vector fields on M .
For any index i = 1, . . . , 2n,{ξ, Ei} spans a non-degenerate plane on the tangent space
at each point, where the basis is defined. Putting Y = Z = Ei in R(X,Y )Z, adding
with respect to index of i and using (1), (2) and (11), we get the following formula,
for the Ricci operator, at any point of M :
QX =
n∑
i=1
εi{R(X,Ei)Ei +R(X,ϕEi)ϕEi}+ εR(X, ξ)ξ.
Suppose now that X is arbitrary vector fields and write
X = Xλ +X−λ + η(X)ξ,
On the other hand, from Theorem 3.2, we have
QX =
n∑
i=1
εi{R(Xλ, Ei)Ei +R(X−λ, Ei)Ei + η(X)R(ξ, Ei)Ei +R(Xλ, ϕEi)ϕEi
+ η(X)R(ξ, ϕEi)ϕEi +R(X−λ, ϕEi)ϕEi}+ εR(Xλ, ξ)ξ + εR(X−λ, ξ)ξ
=[2(ε+ λ)− εµ](n− 1)Xλ − (κ+ εµ)X−λ + nκη(X)ξ − (κ+ εµ)Xλ
+ [2(ε− λ)− εµ](n− 1)X
−λ + (κ+ εµ)Xλ + nκη(X)ξ + (κ+ µh)X−λ
=ε[(2− µ)(n− 1)− µ](Xλ +X−λ)
+ [2(n− 1) + µ]h(Xλ +X−λ) + 2nκη(X)ξ.
So, the relation of (57) is obtained.
Theorem 3.4. Let M2n+1(η, ξ, ϕ, g) be a (κ, µ)-contact pseudo-metric manifold and
n > 1. If the ϕ-sectional curvature of any point of M is independent of the choice of
ϕ-section at the point, then it is constant on M and the curvature tensor is given by
R(X,Y )Z =(
c+ 3ε
4
){g(Y, Z)X − g(X,Z)Y }
+ (
c− ε
4
){2g(X,ϕY )ϕZ + g(X,ϕZ)ϕY − g(Y, ϕZ)ϕX}
+ (
c+ 3ε
4
− κ){εη(X)η(Z)Y − εη(Y )η(Z)X + η(Y )g(X,Z)ξ − η(X)g(Y, Z)ξ}
+ {−g(X,Z)hY − g(hX,Z)Y + g(Y, Z)hX + g(hY, Z)X}
+
ε
2
{−g(hX,Z)hY + g(hY, Z)hX + g(ϕhX,Z)ϕhY − g(ϕhY, Z)ϕhX}
+ (1− µ){εη(X)η(Z)hY + η(Y )g(hX,Z)ξ − εη(Y )η(Z)hX − η(X)g(hY, Z)ξ},
(58)
where c is the constant ϕ-sectional curvature. Moreover if κ 6= ε, then µ = εκ+1 and
c = −2κ− ε.
13
Proof. For the Sasakian case κ = ε, the proof is known ([1]). So, we have to prove
the theorem for κ 6= ε. Let p ∈M and X, Y ∈ TpM orthogonal to ξ. Using the first
identity of Bianchi, the basic properties of the curvature tensor, ϕ is antisymmetric,
h is symmetric, (1) and (2), we obtain from (33), successively:
g(R(X,ϕX)Y, ϕY ) =g(R(X,ϕY )Y, ϕX) + g(R(X,Y )X,Y )− εg(X,Y )2 − εg(hX, Y )2
− 2g(X,Y )g(hX, Y ) + εg(X,X)g(Y, Y ) + g(X,X)g(hY, Y )
+ g(Y, Y )g(hX,X) + εg(hX,X)g(hY, Y )− εg(ϕX, Y )2
+ εg(ϕhX, Y )2 − εg(ϕhX,X)g(ϕhY, Y ),
(59)
g(R(X,ϕY )X,ϕY ) =g(R(X,ϕY )Y, ϕX) + εg(X,Y )2 − εg(hX, Y )2
− εg(ϕhX,X)g(ϕhY, Y )− εg(X,X)g(Y, Y )− g(Y, Y )g(hX,X)
+ g(X,X)g(hY, Y ) + εg(hX,X)g(hY, Y ) + εg(ϕX, Y )2
+ εg(ϕhX, Y )2 + 2g(ϕX, Y )g(ϕhX, Y ),
(60)
g(R(Y, ϕX)Y, ϕX) =g(R(X,ϕY )Y, ϕX) + εg(X,Y )2 − εg(hX, Y )2
− εg(ϕhX,X)g(ϕhY, Y ) + εg(ϕX, Y )2 + εg(ϕhX, Y )2
− 2g(ϕX, Y )g(ϕhX, Y )− εg(X,X)g(Y, Y )− g(X,X)g(hY, Y )
+ g(Y, Y )g(hX,X) + εg(hX,X)g(hY, Y ),
(61)
g(R(X,Y )ϕX,ϕY ) =g(R(X,Y )X,Y )− εg(X,Y )2 − εg(hX, Y )2
− 2g(X,Y )g(hX, Y ) + εg(X,X)g(Y, Y ) + g(X,X)g(hY, Y )
+ g(Y, Y )g(hX,X) + εg(hX,X)g(hY, Y )− εg(ϕX, Y )2
+ εg(ϕhX, Y )2 − εg(ϕhX,X)g(ϕhY, Y ).
(62)
We now suppose that the ϕ-sectional curvature at p is independent of the ϕ-section
at p, i.e. K(X,ϕX) = c(p) for any X ∈ TpM orthogonal to ξ. Let X,Y ∈ TpM and
X,Y orthogonal to ξ . From
g(R(X + Y, ϕX + ϕY )(X + Y ), ϕX + ϕY ) = −c(p)g(X + Y,X + Y )2,
g(R(X − Y, ϕX − ϕY )(X − Y ), ϕX − ϕY ) = −c(p)g(X − Y,X − Y )2,
14
we get by a straightforward calculation
2g(R(X,ϕX)Y, ϕY ) + g(R(X,ϕY )X,ϕY ) + 2g(R(X,ϕY )Y, ϕX) + g(R(Y, ϕX)Y, ϕX)
= −2c(p){2g(X,Y )2 + g(X,X)g(Y, Y )}.
(63)
Thus with combining (59), (60), (61) and (63), we get
3g(R(X,ϕY )Y, ϕX) + g(R(X,Y )X,Y )− 2εg(hX, Y )2
− 2g(X,Y )g(hX, Y ) + g(X,X)g(hY, Y ) + g(Y, Y )g(hX,X)
+ 2εg(hX,X)g(hY Y ) + 2εg(ϕhX, Y )2 − 2εg(ϕhX,X)g(ϕhY, Y )
= −c(p){2g(X,Y )2 + g(X,X)g(Y, Y )}.
(64)
Now, we replace Y by ϕY in (64), then using (61) and (11), we have
− 3g(R(X,Y )ϕY, ϕX) + g(R(X,ϕY )X,ϕY )− 2g(ϕhX, Y )2
+ 2g(X,ϕY )g(ϕhX, Y )− g(X,X)g(hY, Y ) + g(Y, Y )g(hX,X)
− 2g(hX,X)g(hY, Y ) + 2g(hX, Y )2 + 2g(ϕhX,X)g(ϕhY, Y )
= −c(p){2g(X,ϕY )2 + g(X,X)g(Y, Y )}.
(65)
On the other hand, with combining the relation of (65) with (60) and (62), we get
3g(R(X,Y )X,Y ) + g(R(X,ϕY )Y, ϕX)− 2εg(X,Y )2
− 2εg(hX, Y )2 − 6g(X,Y )g(hX, Y ) + 2εg(X,X)g(Y, Y )
+ 3g(X,X)g(hY, Y ) + 3g(Y, Y )g(hX,X) + 2εg(hX,X)g(hY, Y )
− 2εg(X,ϕY )2 + 2εg(ϕhX, Y )2 − 2εg(ϕhX,X)g(ϕhY, Y )
= −c(p){2g(X,ϕY )2 + g(X,X)g(Y, Y )}.
(66)
Now for any X,Y ∈ TpM and X,Y orthogonal to ξ, (66) together with (64) yield
4g(R(X,Y )Y,X) =(c(p) + 3ε){g(X,X)g(Y, Y )− g(X,Y )2}+ 3(c(p)− ε)g(X,ϕY )2
− 2{εg(hX, Y )2 + 4g(X,Y )g(hX, Y )− 2g(X,X)g(hY, Y )− 2g(Y, Y )g(hX,X)
− εg(hX,X)g(hY, Y )− εg(ϕhX, Y )2 + εg(ϕhX,X)g(ϕhY, Y )}.
(67)
Let X,Y, Z ∈ TpM and X,Y, Z orthogonal to ξ. Applying (67) in
g(R(X + Z, Y )Y,X + Z) = g(R(X,Y )Y,X) + g(R(Z, Y )Y, Z) + 2g(R(X,Y )Y, Z).
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Finally, we get
4g(R(X,Y )Y, Z) =(c(p) + 3ε){g(X,Z)g(Y, Y )− g(X,Y )g(Y, Z)}
+ 3(c(p)− ε)g(X,ϕY )g(Z,ϕY )− 2{εg(hX, Y )g(hZ, Y ) + 2g(X,Y )g(hZ, Y )
+ 2g(Z, Y )g(hX, Y )− 2g(X,Z)g(hY, Y )− 2g(Y, Y )g(hX,Z)
− εg(hX,Z)g(hY, Y )− εg(ϕhX, Y )g(ϕhZ, Y ) + εg(ϕhX,Z)g(ϕhY, Y )}.
(68)
Moreover, using (11), (23) and hϕ is symmetric, it is easy to check that (68) is valid
for any Z and for X,Y orthogonal to ξ. Hence for any X,Y orthogonal to ξ, the
relation of (68) is reduced to
4R(X,Y )Y =(c(p) + 3ε){g(Y, Y )X − g(X,Y )Y }+ 3(c(p)− ε)g(X,ϕY )ϕY
− 2{εg(hX, Y )hY + 2g(X,Y )hY + 2g(hX, Y )Y − 2g(hY, Y )X
− 2g(Y, Y )hX − εg(hY, Y )hX − εg(ϕhX, Y )ϕhY + εg(ϕhY, Y )ϕhX}.
(69)
Now, let X,Y, Z be orthogonal to ξ. Replacing Y by Y + Z in (69). Then from
R(X,Y + Z)(Y + Z) = R(X,Y )Y +R(X,Z)Z +R(X,Y )Z +R(X,Z)Y,
we get
4{R(X,Y )Z +R(X,Z)Y } =(c(p) + 3ε){2g(Y, Z)X − g(X,Y )Z − g(X,Z)Y }
+ 3(c(p)− ε){g(X,ϕY )ϕZ + g(X,ϕZ)ϕY }
− 2{εg(hX, Y )hZ + g(hX,Z)hY + 2g(X,Y )hZ
+ 2g(X,Z)hY + 2g(hX, Y )Z + 2g(hX,Z)Y − 4g(hY, Z)X
− 4g(Y, Z)hX − 2εg(hY, Z)hX − εg(ϕhX, Y )ϕhZ
− εg(ϕhX,Z)ϕhY + 2εg(ϕhY, Z)ϕhX}.
(70)
Replacing X by Y and Y by −X in (70), we have
4{R(X,Y )Z +R(Z, Y )X} =(c(p) + 3ε){−2g(X,Z)Y + g(X,Y )Z + g(Y, Z)X}
+ 3(c(p)− ε){−g(ϕX, Y )ϕZ − g(ϕZ, Y )ϕX}
− 2{−εg(hY,X)hZ − εg(hY, Z)hX − 2g(X,Y )hZ
− 2g(Y, Z)hX − 2g(X,hY )Z − 2g(hY, Z)X
+ 4g(hX,Z)Y + 4g(X,Z)hY + 2εg(hX,Z)hY
+ εg(ϕhY,X)ϕhZ + εg(ϕhY, Z)ϕhX − 2εg(ϕhX,Z)ϕhY }.
(71)
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Adding (70) and (71) and using Bianchi first identity, ϕ is antisymmetric and ϕh is
symmetric, we get
4R(X,Y )Z =(c(p) + 3ε){g(Y, Z)X − g(X,Z)Y }
+ (c(p)− ε){2g(X,ϕY )ϕZ + g(X,ϕZ)ϕY − g(Y, ϕZ)ϕX}
− 2{εg(hX,Z)hY + 2g(X,Z)hY + 2g(hX,Z)Y − 2g(hY, Z)X
− 2g(Y, Z)hX − εg(hY, Z)hX − εg(ϕhX,Z)ϕhY + εg(ϕhY, Z)ϕhX},
(72)
for any X,Y, Z orthogonal to ξ. Moreover, using (23), (12) and the first part of (1),
we conclude that (72) is valid for any Z and forX,Y orthogonal to ξ. Now, let X,Y, Z
be arbitrary vectors of TpM . Writing
X = XT + η(X)ξ, Y = YT + η(Y )ξ,
where g(XT , ξ) = g(YT , ξ) = 0 , and using (23), (26) and (12), then (72) gives (58)
after a straightforward calculation.
Now, we will prove that the ϕ-sectional curvature is constant. Consider a (local)
ϕ-basis {E1, · · · , En, En+1 = ϕE1, · · · , E2n = ϕEn, E2n+1 = ξ} of vector fields on
M . For any index i = 1, · · · , 2n,{ξ, Ei} spans a non-degenerate plane on the tangent
space at each point, where the basis is defined. Putting Y = Z = Ei in (58), adding
with respect to i and using (1), (2) and (11), we get the following formula, for the
Ricci operator, at any point of M :
2Q ={(n+ 1)c+ 3ε(n− 1) + 2κ}I
− {(n+ 1)c+ 3ε(n− 1)− 2κ(2n− 1)}η ⊗ ξ
+ 2{2(n− 1) + µ}h.
Comparing this with (57), which is valid on any (κ, µ)-contact pseudo-metric manifold
with κ 6= ε, we get
(n+ 1)c = (n− 1)ε− 2nεµ− 2κ, (73)
i.e. c is constant. On the other hand, from (56), we have
c = −(κ+ εµ). (74)
Comparing (73) and (74), we get (n− 1)(εµ− κ− ε) = 0. Moreover, since n > 1, we70
have µ = εκ+ 1 and so c = −2κ− ε. This completes the proof of the theorem.
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Theorem 3.5. Let M2n+1(ϕ, ξ, η, g) be a (κ, µ)-contact pseudo-metric manifold with
εκ < 1 and n > 1. Then M has constant ϕ-sectional curvature if and only if µ = εκ+1
.
Proof. In Theorem 3.4, we proved that µ = εκ+1, in the case where the non Sasakian,
(κ, µ)-contact pseudo-metric manifold has constant ϕ-sectional curvature. Now, we
will prove the inverse, i.e. supposing M(ϕ, ξ, η, g) is a (2n+ 1)-dimensional (n > 1),
non Sasakian, (κ, µ)-contact pseudo-metric manifold with
µ = εκ+ 1. (75)
We will prove that M has constant ϕ-sectional curvature. Let X ∈ TpM be a unit75
vector orthogonal to ξ. By Theorem 3.1, we can write
X = Xλ +X−λ where Xλ ∈ D(λ) and X−λ ∈ D(−λ).
Using Theorem 3.1, Theorem 3.2 and a long straightforward calculation, we get
K(X,ϕX) = −(κ+ εµ) + 4(κ− εµ+ ε)(g(Xλ, Xλ)g(X−λ, X−λ)− g(Xλ, ϕX−λ)2)
and hence by (75), we have K(X,ϕX) = −(κ+ εµ) = const.
Example 3.1 ([15], Theorem 4.1). The tangent sphere bundle TεM is (κ, µ)-contact
pseudo-metric manifold if and only if the base manifold M is of constant sectional80
curvature ε and κ = 3ε− 2, µ = −2ε.
Theorem 3.6. Let M be an n-dimensional pseudo-metric manifold, n > 2, of con-
stant sectional curvature c. The tangent sphere bundle TεM has constant ϕ-sectional
curvature (−4c(ε− 1) + c2) if and only if c = 2ε±√4 + ε.
Example 3.2. Let M(ϕ, ξ, η, g) be a contact pseudo-metric manifold of dimension
2n+ 1, with g(ξ, ξ) = ε. Then, it is easy to check that, for any real constant a > 0
and by choosing the tensors
η = aη, ξ =
1
a
ξ, ϕ = ϕ, g = ag + εa(a− 1)η ⊗ η,
M(ϕ, ξ, η, g) is a new (κ, µ)-contact pseudo-metric manifold with
κ =
κ+ εa2 − ε
a2
, µ =
µ+ 2a− 2
a
. (76)
Now, we find the value of a, so that M has constant ϕ-sectional curvature. Using85
Theorem 3.5, we must have µ = εκ+1. So, we get a =
(εκ− 1)
(µ− 2) . In fact with choosing
a =
(εκ− 1)
(µ− 2) > 0, M(ϕ, ξ, η, g) has constant ϕ-sectional curvature c = −κ − εµ =
ε(1− 2µ) = (2(µ− 2)
2 − 3(1− εκ))
(ε− κ) .
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4. generalized (κ, µ)-contact pseudo-metric manifold
In (22) and (23), if κ and µ are real smooth functions on M , we call generalized90
(κ, µ)-contact pseudo-metric manifold.
Example 4.1. We consider the 3-dimensional manifold M = {(x, y, z) ∈ R3|z 6= 0},
where (x, y, z) are the standard coordinates in R3. The vector fields
e1 =
∂
∂x
, e2 =
1
z2
∂
∂y
, e3 = 2yz
2 ∂
∂x
+
2x
z6
∂
∂y
+
1
z6
∂
∂z
are linearly independent at each point of M . Let g be the pseudo-Riemannian metric
defined by g(ei, ej) = εiδij , where i, j = 1, 2, 3 and ε1 = ε, ε2 = ε3 = 1. Let ∇ be
the Levi-Civita connection and R the curvature tensor of g. We easily get
[e1, e2] = 0, [e1, e3] =
2
z4
e2, [e2, e3] = 2
(
e1 +
1
z7
e2
)
Let η be the 1-form defined by η(X) = εg(X, e1) for X ∈ Γ(TM). η is a contact
form. Let ϕ be the (1, 1)-tensor field, defined by ϕe1 = 0, ϕe2 = e3, ϕe3 = −e2.
So, (ϕ, ξ = e1, η, g) defines a contact pseudo-metric structure on M . Now using the
Koszul formula, we calculate
∇e1e2 = −(ε+
1
z4
)e3, ∇e2e1 = −(ε+
1
z4
)e3,
∇e1e3 = (ε+
1
z4
)e2, ∇e3e1 = (ε−
1
z4
)e2,
∇e2e3 = (1 +
ε
z4
)e1 +
2
z7
e2, ∇e3e2 = (
ε
z4
− 1)e1,
∇e2e2 = −
2
z7
e3, ∇e1e1 = ∇e3e3 = 0.
Also Using (8), we obtain he1 = 0, he2 = λe2, he3 = −λe3, where λ = 1
z4
. Now,
putting µ = 2(1 + ελ) and κ = ε(1− λ2), we finally get
R(e2, e1)e1 = ε(κ+ λµ)e2,
R(e3, e1)e1 = ε(κ− λµ)e3,
R(e2, e3)e1 = 0.
These relations yield the following, by direct calculations,
R(X,Y )ξ = εκ{η(Y )X − η(X)Y }+ εµ{η(Y )hX − η(X)hY },
where κ and µ are non-constant smooth functions. Hence M is a generalized (κ, µ)-
contact pseudo-metric manifold.
19
Theorem 4.1. On a non Sasakian, generalized (κ, µ)-contact pseudo-metric manifold
M2n+1 with n > 1, the functions κ, µ are constant, i.e., M2n+1 is a (κ, µ)-contact95
pseudo-metric manifold.
Theorem 4.2. Let M be a non Sasakian, generalized (κ, µ)-contact pseudo-metric
manifold. If κ, µ satisfy the condition aκ + bµ = c, where a, b and c are constant.
Then κ, µ are constant.
The proof of the two previous theorems is the same with Theorem 3.5 and Theorem100
3.6 in [10] for contact metric case. Therefore, we omit them here.
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